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bstract
Hydromagnetic flow of an incompressible viscous nanofluid past a vertical plate in the presence of thermal radiation is investigated
oth analytically and numerically. The radiative heat flux is described by the Rosseland diffusion approximation in the energy
quation. The governing non-linear partial differential equations are converted into a set of ordinary differential equations by
uitable similarity transformations. The resulting ordinary differential equations are successfully solved analytically with the help
f homotopy analysis method and numerically by the fourth order Runge–Kutta method with shooting technique. The effects of
arious physical parameters are analyzed and discussed in graphical and tabular forms. The effects of some physical parameters such
s Lewis number, Prandtl number, buoyancy ratio, thermophoresis, Brownian motion, radiation parameter and magnetic parameter
re analyzed on the velocity, temperature and solid volume fraction profiles as well as on the reduced Nusselt number and the local
herwood number. An excellent agreement is observed between present analytical and numerical results.
 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
A nanofluid is a new class of heat transfer fluids that contains a base fluid and nanoparticles. The use of additives is
 technique applied to enhance the heat transfer performance of base fluids. The nanofluid has many applications. For
xample, it is used as coolants, lubricants, heat exchangers, micro channel heat sinks and many others [1]. The term
nanofluid’ was first proposed by Choi [2] to indicate engineered colloids composed of nanoparticles dispersed in aPlease cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
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base fluid. A comprehensive survey of convective transport in nanofluids was made by Buongiorno [3]. The influence
of nanoparticles on natural convection boundary layer flow over a vertical plate was considered by Kuznetsov and Nield
[4]. Khan and Pop [5] considered the problem of boundary layer flow past a stretching sheet in nanofluids. Bachok
et al. [6] investigated the boundary layer flow of a nanofluid over a moving surface in a flowing fluid. Kuznetsov and
Nield [7] analyzed the double-diffusive natural convective boundary layer flow of a nanofluid over a vertical plate.
Khan and Aziz [8] investigated the boundary layer flow of a nanofluid past a vertical surface with a constant heat flux.
Gorla and Chamkha [9] studied the natural convection flow past an isothermal horizontal plate in a porous medium
saturated by a nanofluid. Aziz and Khan [10] investigated the natural convective flow of a nanofluid over a convectively
heated vertical plate.
Magnetohydrodynamic boundary layer flow is of considerable interest due to its wide usage in industrial technology
and geothermal application, high temperature plasmas applicable to nuclear fusion energy conversion, MHD power
generation systems and liquid metal fluids. Due to its wide range of applications, the following researchers investigated
the magnetic field effect on fluid flow problems in different geometries [11–20]. Yahyazadeh et al. [21] inspected the
effect of magnetic field on the free convection flow of a nanofluid over a linear stretching sheet using differential
transform method.
The thermal radiation effect may significant at high operating temperatures in engineering processes, under many
non-isothermal situations and in situations where convective heat transfer coefficients are small. In view of these
applications, the thermal radiation effects on fluid flow were investigated by the followers [22–28].
Keeping this in mind, we investigated the thermal radiation effect on the flow of a nanofluid past a vertical plate in
the presence of transverse magnetic field both analytically and numerically. The governing non-dimensional ordinary
differential equations are solved analytically using homotopy analysis method and numerically by shooting method.
2.  Formulation  of  the  problem
Consider the two-dimensional boundary layer flow of a nanofluid over vertical plate in the presence of magnetic field
intensity and the thermal radiation. We select a co-ordinate frame in which the x-axis is aligned vertically upwards.
Consider a vertical plate at y = 0. At this boundary, the temperature T  and the nanoparticle volume fraction φ  take
constant values Tw and φw respectively. The temperature T  and the nanoparticle volume fraction of the nanofluid φ
take values T∞ and φ∞ respectively, as y→  ∞. We also consider influence of a constant magnetic field strength B0
which is applied normally to the sheet. It is further assumed that the induced magnetic field is negligible in comparison
to the applied magnetic field. Under the above assumptions, the governing equations for the flow field can be written
in dimensional form as [4].
∂u
∂x
+ ∂v
∂y
= 0 (1)
∂p
∂x
= μ∂
2u
∂y2
−  ρf
(
u
∂u
∂x
+  v∂u
∂y
)
−  σB20u  +
[(1 −  φ∞)ρf ∞βg(T  −  T∞) −  (ρp − ρf ∞)g(φ  −  φ∞)] (2)
u
∂T
∂x
+  v∂T
∂y
= α∇2T  − 1(ρc)f
(
∂qr
∂y
)
+  τ
[
DB
∂φ
∂y
∂T
∂y
+
(
DT
T∞
)  (
∂T
∂y
)2]
(3)
u
∂φ
∂x
+  v∂φ
∂y
= DB ∂
2φ
∂y2
+
(
DT
T∞
)  (
∂2T
∂y2
)
(4)
where u and v  are the velocity components along the x and y directions respectively. p  is the fluid pressure, ρf is the
density of base fluid, ρp is the nanoparticle density, μ  is the absolute viscosity of the base fluid, α = k(ρc)f is the thermal
(ρc)pPlease cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
diffusivity of the base fluid, τ  = (ρc)f is the ratio of nanoparticle heat capacity and the base fluid heat capacity, φ  is
the local solid volume fraction of the nanofluid, β is volumetric thermal expansion coefficient of the base fluid, DB is
the Brownian diffusion coefficient, DT is the thermophoretic diffusion coefficient, T  is the local temperature and g  is
the acceleration due to gravity, B0 is the constant magnetic field and qr is the radiative heat flux.
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The boundary conditions are taken to be,
u  =  0,  v  =  0,  T =  Tw, φ  =  φw at y  =  0,  (5)
u =  v =  0,  T  →  T∞, φ  →  φ∞ as y  →  ∞.  (6)
Using Rosseland approximation for radiation [22–28], we have
qr =  −4σ
∗
3δ
∂T 4
∂y
(7)
Here σ* and δ  are the Stefan–Boltzmann constant and the mean absorption coefficient, respectively. We assume that
he temperature differences within the flow are sufficiently small so that T4 can be expressed as a linear function after
sing Taylor series to expand T4 about the free stream temperature T∞ and neglecting higher-order terms.
T 4 ∼= 4T 3∞T  −  3T 4∞ (8)
Using (7) and (8) in (3), we obtain
u
∂T
∂x
+  v∂T
∂y
= α∇2T  + 1(ρc)f
(
16σ∗T 3∞
3δ
∂2T
∂2y
)
+  τ
[
DB
∂φ
∂y
∂T
∂y
+
(
DT
T∞
)  (
∂T
∂y
)2]
(9)
.  Similarity  transformations
The following similarity transformations are introduced to transform Eqs. (2), (4) and (9) into ordinary differential
quations.
η  = y
x
Ra1/4x , ψ  =  αRa1/4x s(η),  θ(η) =
T −  T∞
Tw −  T∞ ,  f (η) =
φ −  φ∞
φw −  φ∞ (10)
ith the local Rayleigh number which is defined as
Rax = (1 −  φ∞)gβ(Tw −  T∞)x
3
να
(11)
nd the stream function ψ(x, y) is defined such that
u  = ∂ψ
∂y
,  v  =  −∂ψ
∂x
(12)
So, the continuity equation Eq. (1) is identically satisfied. After some algebraic manipulation, the momentum,
nergy and the solid volume fraction equations are obtained as follows,
s
′′′ + 1
4Pr
(3ss′′ −  2s′2 −  4M
√
Prs′) +  θ −  Nrf  =  0,  (13)(
1 + 4N
3
)
θ′′ + 3
4
sθ′ +  Nbf ′θ′ +  Ntθ′2 =  0,  (14)
f ′′ + 3
4
Lesf ′ + Nt
Nb
θ′′ =  0.  (15)
here the primes denote differentiation with respect to η  and the non-dimensional parameters such as Prandtl number
Pr), buoyancy-ratio parameter (Nr), Brownian motion parameter (Nb), thermophoresis parameter (Nt), Lewis number
Le), magnetic parameter (M) and radiation parameter (N) are defined as follows.
Pr  = ν ,  Nr  = (ρp −  ρf ∞)(φw −  φ∞) ,  Nb  = (ρc)pDB(φw −  φ∞) , Le  = α ,Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
α ρf ∞β(Tw −  T∞)(1 −  φ∞) (ρc)f α DB
Nt = (ρc)pDT (Tw −  T∞)(ρc)f αT∞
, M  = σB
2
0x
1
2
ρf
√(1 −  φ∞)gβ(Tw −  T∞) and N  =
4σ∗T 3∞
kδ
.
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The corresponding boundary conditions are
s(η) =  0,  s′(η) =  0,  θ(η) =  1,  f  (η) =  1 at η  =  0 (16)
s′(η) =  0,  θ(η) =  0,  f  (η) =  0 as η  →  ∞  (17)
A quantities of practical interest are the Nusselt number (Nu) and Sherwood number (Sh) defined by
Nu  = xq
′′
w
k(Tw −  T∞) (18)
Sh = xq
′′
m
DB(φw −  φ∞) (19)
where q′′
w
and q′′
m
are the wall heat flux and mass flux. The reduced local Nusselt number Nur  in the presence of thermal
radiation and reduced local Sherwood number Shr, can be introduced and represented as follows,
Nur  =  Ra1/4x Nu  =  −
(
1 + 4N
3
)
θ′(0)
Shr =  Ra1/4x Sh  =  −f ′(0)
4.  An  analytical  solution  by  homotopy  analysis  method
Eqs. (13)–(15) are solved under the corresponding boundary conditions (16) and (17) by using HAM. For HAM
solutions, we choose the initial guesses and auxiliary linear operators in the following form:
s0(η) =  1 −  e−η −  ηe−η, θ0(η) =  e−η,  f0(η) =  e−η (20)
L1(s) =  s′′′ −  s′,  L2(θ) =  θ′′ +  θ,  L3(f  ) =  f ′′ +  f (21)
and
L1(c1 +  c2eη +  c3e−η) =  L2(c1eη +  c2e−η) =  L3(c1eη +  c2e−η) =  0 (22)
where c1, c2, and c3 are constants and p[0, 1] denotes the embedding parameter and h1, h2, and h3 indicate the non-zero
auxiliary parameters. We construct the following problems:
Zeroth-order deformation problems:
(1 −  p)L1[s(η,  p) −  s0(η)] =  ph1N1[s(η,  p),  θ(η,  p),  f  (η,  p)] (23)
(1 −  p)L2[θ(η,  p) −  θ0(η)] =  ph2N2[s(η,  p),  θ(η,  p),  f  (η,  p)] (24)
(1 −  p)L3[f  (η,  p) −  f0(η)] =  ph3N3[s(η,  p),  θ(η,  p),  f  (η,  p)] (25)
s(0, p) =  0,  s′(0,  p) =  1,  s′(∞,  p) =  0 (26)
θ(0, p) =  1,  θ(∞,  p) =  0 (27)
f (0,  p) =  1,  f  (∞,  p) =  0 (28)
and
N1[s(η,  p),  θ(η,  p),  f  (η,  p)] =  s′′′ (η,  p) + 14Pr (3s(η,  p)s
′′(η,  p) −  2s′2(η,  p)
− 4M
√
Prs′(η,  p)) +  θ(η,  p) −  Nrf  (η,  p) (29)Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
N2[s(η,  p),  θ(η,  p),  f  (η,  p)] =
(
1 + 4N
3
)
θ′′(η,  p) + 3
4
s(η,  p)θ′(η,  p) +  Nbf ′(η,  p)θ′(η,  p) +  Ntθ′2(η,  p)
(30)
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N3[s(η,  p),  θ(η,  p),  f  (η,  p)] =  f ′′(η,  p) + 34Les(η,  p)f
′(η,  p) + Nt
Nb
θ′′(η,  p) (31)
For p  = 0 and p  = 1, we have
s(η,  0) =  s0(η),  s(η,  1) =  s(η) (32)
θ(η, 0) =  θ0(η),  θ(η,  1) =  θ(η) (33)
f (η,  0) =  f0(η),  f  (η,  1) =  f  (η) (34)
Due to Taylor’s series with respect to p, we have:
s(η,  p) =  s0(η) +
∞∑
m=1
sm(η)pm (35)
θ(η, p) =  θ0(η) +
∞∑
m=1
θm(η)pm (36)
f (η,  p) =  f0(η) +
∞∑
m=1
fm(η)pm (37)
sm(η) = 1
m!
∂m(s(η,  p))
∂pm
(38)
θm(η) = 1
m!
∂m(θ(η,  p))
∂pm
(39)
fm(η) = 1
m!
∂m(f  (η,  p))
∂pm
(40)
nd thus, mth-order deformation problems:
L1[sm(η) −  χmsm−1(η)] =  h1Rsm(η) (41)
L2[θm(η) −  χmθm−1(η)] =  h2Rθm(η) (42)
L3[fm(η) −  χmfm−1(η)] =  h3Rfm(η) (43)
nd
sm(0) =  s′
m
(0) =  s′
m
(∞) =  0 (44)
θm(0) =  θm(∞) =  0 (45)
fm(0) =  fm(∞) =  0 (46)
here,
Rsm =  s
′′′
m−1
+ 1
4Pr
(
3
m−1∑
i=0
sm−1−is′′
i
−  2
m−1∑
i=0
s′
m−1−i
s′
i
−  4M
√
Pr  s′
m−1
)
+  θm−1 −  Nrfm−1 (47)
Rθm =
(
1 + 4N
3
)
θ′′
m−1
+ 3
4
m−1∑
i=0
sm−1−iθ′
i
+  Nb
m−1∑
i=0
f ′
m−1−i
θ′
i
+  Nt
m−1∑
i=0
θ′
m−1−i
θ′
i
(48)Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
Rfm =  f ′′
m−1
+ 3
4
Le
m−1∑
i=0
sm−1−if ′
i
+ Nt
Nb
θ′′
m−1
(49)
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and
χm =
{
0 (m  ≤  1)
1 (m  >  1) (50)
which h  is chosen in such a way that these three series are convergent at p = 1, therefore we have,
s(η) =  s0(η) +
∞∑
m=1
sm(η) (51)
θ(η) =  θ0(η) +
∞∑
m=1
θm(η) (52)
f (η) =  f0(η) +
∞∑
m=1
fm(η) (53)
4.1.  Convergence  of  the  HAM  solution
As pointed in [29–35], the convergence rate of approximation for the HAM solution strongly depends on the value
of auxiliary parameter h. Fig. 1 clearly depicts the range for admissible value of h  is −0.65 ≤  h ≤  −0.1. In the present
calculation, it clearly indicates that h  = −0.35 for whole region η.
5.  Numerical  method  for  solutionPlease cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
The nonlinear coupled differential Eqs. (13)-(15) along with the boundary conditions (16) and (17) form a two point
boundary value problem and is solved using shooting technique together with fourth order Runge–Kutta integration
Table 1
Comparison test results. Values of the reduced Nusselt number Nur = Ra1/4x Nu in the limiting
case of a regular fluid. The present results are with Le = 10, Nr = Nb = Nt = 10−5.
Pr Bejan [36] Present results (absence of magnetic
and radiation parameters)
Analytical Numerical
1 0.401 0.40103 0.40102817
10 0.465 0.46496 0.46496287
100 0.490 0.49000 0.49000028
Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
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scheme by converting it into an initial value problem. In this method we have to choose a suitable finite value of η→  ∞,
say η∞. We set following first order system:
y′
1
=  y2,
y′
2
=  y3,
y′
3
=  − 1
4Pr
(3y1y3 −  2y22 −  4M
√
Pry2) −  y4 +  Nry6,
y′
4
=  y5,
y′
5
=
(−3
4
y1y5 −  Nby7y5 −  Nty25
)(
3
3 +  4N
)
,
y′
6
=  y7,
y′
7
= −3
4
Ley1y7 − Nt
Nb
y′
5
(54)
with the boundary conditions
y1(0) =  0,  y2(0) =  0,  y4(0) =  1 and y6(0) =  1 (55)
To solve (54) with (55) as an initial value problem we must need the values for y3(0) i.e. s′′(0), y5(0) i.e. θ′(0) and
y7(0) i.e. f′(0) but no such values are given. The initial guess values for s′′(0), θ′(0) and f′(0) are chosen and the fourth
Fig. 2. (a) Effects of Prandtl number on the dimensionless velocity profiles for Le = 1, N = M = 0.5 and Nb = Nt = Nr = 0.1. (b) Effects of Prandtl
number on the dimensionless temperature profiles for Le = 1, M = N = 0.5 and Nb = Nt = Nr = 0.1. (c) Effects of Prandtl number on the dimensionless
solid volume fraction of the nanofluid profiles for Le = 1, M = N = 0.5 and Nb = Nt = Nr = 0.1.
Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
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order Runge–Kutta integration scheme is applied to obtain the solution. Then we compare the calculated values of s′(η),
θ(η) and f(η) at η∞ with the given boundary conditions s′(η∞) = 0, θ(η∞) = 0 and f(η∞) = 0 and adjust the values of
s′′(0), θ′(0) and f′(0) using the shooting technique to give better approximation for the solution. The process is repeated
until we get the results correct up to the desired accuracy of 10−8 level, which fulfils the convergence criterion.
6.  Results  and  discussion
In the present work we have analyzed the effects of magnetic field and thermal radiation on the flow of an incom-
pressible viscous nanofluid over a vertical plate. In order to get the clear insight of the physical problem results are
discussed with the help of graphical illustrations for governing parameters such as Prandtl number, Lewis number,
magnetic parameter, radiation parameter, buoyancy ratio parameter, Brownian motion and thermophoresis parameter
on the velocity profile (s′(η)), temperature profile (θ(η)) and solid volume fraction of the nanofluid profile (f(η)).
As a test of the accuracy of present analytical and numerical solutions, the values of reduced Nusselt number in the
limiting case of a regular fluid are compared with Bejan [36]. The comparison is found to be good which is shown in
Table 1.
Fig. 2 shows the effect of Prandtl number on s′(η), θ(η) and f(η). Fig. 2(a) reveals that the dimensional velocity
profile increases as Pr  increases. This is in contrast to the natural convective flow of a regular fluid on a vertical surface
where the thickness of the hydrodynamic boundary layer decreases as the Prandtl number increases and the vertical
flow velocity decreases as the Prandtl number increases. It is interesting to note that unlike the classical analysis of
natural convection on a vertical surface where the Prandtl number appears in the energy equation, the Prandtl number
in the present analysis appears in the momentum equation and consequently its effect on the velocity profiles is more
Fig. 3. (a) Effects of Lewis number on the dimensionless velocity profiles for Pr = 1, N = M = 0.5 and Nb = Nt = Nr = 0.1. (b) Effects of Lewis number
on the temperature profiles for Pr = 1, M = N = 0.5 and Nb = Nt = Nr = 0.1. (c) Effects of Lewis number on the dimensionless solid volume fraction
of the nanofluid profiles for Pr = 1, M = N = 0.5 and Nb = Nt = Nr = 0.1.
Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
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different than its effect observed in the classical velocity profiles [4]. It is clear from Fig. 2(b) the temperature profile
decreases as Pr  increases. An increase in Prandtl number reduces the thermal boundary layer thickness, since Prandtl
number signifies the ratio of momentum diffusivity to thermal diffusivity. In heat transfer problems, the Prandtl number
(Pr) controls the thickness of the momentum and thermal boundary layers. Fig. 2(c) demonstrates the effect of Prandtl
number on solid volume fraction of the nanofluid profile. It is noted that the increasing values of Pr  lead to decrease
f(η).
The effect of Lewis number on the dimensionless velocity, temperature and the solid volume fraction profiles is
presented in Fig. 3. The velocity profile increases as Lewis number increases for certain values of η  and decreases
(Fig. 3(a)) for large values of η. Fig. 3(b) and (c) illustrates the effect of Lewis number on temperature and solid volume
fraction profiles. It is noted that the increasing values of Lewis number diminish both θ(η) and f(η).
Fig. 4(a) depicts the effect of magnetic parameter on velocity profile. It can be seen that the increasing values of
magnetic parameter decrease the momentum boundary layer thickness. This is due to the intense amount of magnetic
field inside the boundary layer increases the Lorentz force which is significantly opposes the flow in reverse direction.
Thus the increasing values of magnetic parameter cause the velocity of the nanofluid to decrease. It is also noted that
the presence of magnetic field decreases the velocity near the wall and increases the velocity far away from the wall.
Fig. 4(b) reveals the effect of magnetic parameter on thermal field. The increasing value of M  causes the fluid to become
warmer and therefore increases the temperature. The presence of magnetic field always increases the thermal boundary
layer thickness and also the concentration field augments with magnetic parameter (Fig. 4(c)).
Fig. 5 represents the effect of the radiation parameter on s′(η), θ(η) and f(η). The effect of radiation parameter
on velocity profile is represented in Fig. 5(a). It is observed that an increase in the radiation parameter augments
the velocity. It is noted from Fig. 5(b), the temperature enhances with the increasing values of radiation parameter.
Fig. 4. (a) Effects of magnetic parameter on the dimensionless velocity profiles for Pr = 1, Le = 1, N = 0.5 and Nb = Nt = Nr = 0.1. (b) Effects of
magnetic parameter on the dimensionless temperature profiles for Pr = 1, Le = 1, N = 0.5 and Nb = Nt = Nr = 0.1. (c) Effects of magnetic parameter
on the dimensionless solid volume fraction of the nanofluid profiles for Pr = 1, Le = 1, N = 0.5 and Nb = Nt = Nr = 0.1.
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10 B. Ganga et al. / Journal of Taibah University for Science xxx (2016) xxx–xxxFig. 5. (a) Effects of radiation parameter on the dimensionless velocity profiles for Pr = 1, Le = 1, M = 0.5 and Nb = Nt = Nr = 0.1. (b) Effects
of radiation parameter on the temperature profiles for Pr = 1, Le = 1, M = 0.5 and Nb = Nt = Nr = 0.1. (c) Effects of radiation parameter on the
dimensionless solid volume fraction of the nanofluid profiles for Pr = 1, Le = 1, M = 0.5 and Nb = Nt = Nr = 0.1.
Fig. 5(c) plotted to show the effect of radiation parameter on solid volume fraction profile. It is clear that the solid
volume fraction decreases with radiation parameter.
Fig. 6 illustrates the effect of buoyancy-ratio parameter on velocity, temperature and solid volume fraction profiles.
From Fig. 6(a), it is clear that the increasing values of buoyancy-ratio parameter decrease the velocity profile for smaller
values of η. The buoyancy-ratio parameter has the same effect as Lewis number on velocity profile. From the graphical
representation of Fig. 6(b) and (c), it is noticed that an increase in buoyancy-ratio enhances both the temperature and
the solid volume fraction profiles.
The effects of Brownian motion and thermophoresis parameters on s′(η), θ(η) and f(η) are shown in Fig. 7, when
these parameters Nb  and Nt  are equal. It is clear from Fig. 7(a) both the parameters Nb  and Nt  have the same effect
as Lewis number on the velocity profile. It is noticed from Fig. 7(b), the temperature profile rises as thermophoresis
parameter increases. Due to the fact that the thermophoresis parameter Nt  is directly proportional to the heat transfer
coefficient associated with the nanofluid. Fig. 7(c) shows that the effects of the Brownian motion and thermophoresis
parameters on the dimensionless nanoparticle volume fraction profiles. It is observed that both the parameters Nb  and
Nt decrease the concentration distribution.
The values of reduced Nusselt number and the local Sherwood for different values of physical parameters are
tabulated in Table 2. An excellent agreement is observed between present analytical and numerical results from this
table. It is clear that the values of Nur  and Shr  increase with Pr  and Le  and decrease with Nr  and M. The thermal radiation
parameter shows notable effect on Nur  and Shr. The increase of radiation parameter leads to decrease the reducedPlease cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
Nusselt number and increase the values of the local Sherwood number. This table provides information about the heat
transfer characteristics of the flow in a convenient form for research and engineering calculations. This demonstrates
that the radiation parameter and magnetic parameter will have a lot of influence in the heating and cooling processes
in the nanofluid.
Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
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Fig. 6. (a) Effects of buoyancy-ratio parameter on the dimensionless velocity profiles for Pr = 1, Le = 1, M = N = 0.5, Nb = Nt = 0.1. (b) Effects of
buoyancy-ratio parameter on the dimensionless temperature profiles for Pr = 1, Le = 1, Nb = Nt = 0.1, and M = N = 0.5. (c) Effects of buoyancy-ratio
parameter on the dimensionless solid volume fraction of the nanofluid profiles for Pr = 1, Le = 1, M = N = 0.5 and Nb = Nt = Nr = 0.1.
Table 2
Variations of Nur and Shr with Nb = Nt = 0.3.
M Le Pr N Nt Nb Nr Nur Shr
Numerical Analytical Numerical Analytical
1 10 5 1 0.3 0.3 0.3 0.24098668 0.240987 1.03238192 1.032382
0.4 0.23920771 0.239208 1.01956564 1.019566
0.5 0.23736500 0.237365 1.00619391 1.006194
1 10 5 1 0.3 0.3 0.3 0.24098668 0.240987 1.03238192 1.032382
2 0.21723643 0.217236 1.05989069 1.059891
3 0.19924412 0.199244 1.07898915 1.078989
1 10 5 1 0.3 0.3 0.3 0.24098668 0.240987 1.03238192 1.032382
6 0.24551010 0.245510 1.04355201 1.043552
7 0.24921158 0.249212 1.05264869 1.052649
1 10 5 1 0.3 0.3 0.3 0.24098668 0.240987 1.03238192 1.032382
11 0.24105975 0.241060 1.07227194 1.072272
12 0.24111803 0.241118 1.10968609 1.109686
1 10 5 1 0.3 0.3 0.3 0.24098668 0.240987 1.03238192 1.032382
2 0.21092852 0.210929 0.94736330 0.947363
3 0.18991319 0.189913 0.88486896 0.884869
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Fig. 7. (a) Effects of Brownian motion parameter and thermophoresis parameter on the dimensionless velocity profiles for Pr = 1, Le = 1, M = N = 0.5
and Nr = 0.1. (b) Effects of Brownian motion parameter and thermophoresis parameter on the dimensionless temperature profiles for Pr = 1, Le = 1,
Nr = 0.1 and M = N = 0.5. (c) Effects of Brownian motion and thermophoresis parameters on the dimensionless solid volume fraction of the nanofluid
profiles for Pr = 1, Le = 1, Nr = 0.1 and M = N = 0.5.
7.  Conclusion
Hydromagnetic flow of an incompressible boundary layer flow of an electrically conducting nanofluid past a vertical
plate with radiation effect is studied both analytically and numerically. The analysis shows that velocity, temperature
and the solid volume fraction of the nanofluid profiles in the respective boundary layers depend on seven dimensionless
parameters, namely Prandtl number, Lewis number, Magnetic parameter, radiation parameter, buoyancy ratio parameter,
Brownian motion and thermophoresis parameter. The following specific conclusions are obtained:
• The velocity profile enhances with the increasing values of Prandtl number, radiation parameter, Brownian motion
and thermophoresis parameters. But the Lewis number, magnetic and buoyancy ratio parameters have an opposite
trend on the velocity profile near the wall and have the same effect as other parameters far away from the wall.
• The temperature distribution diminishes with the increasing values of Prandtl number and Lewis number and
increases with all other parameters.
• The solid volume fraction profile augments with the increasing values of magnetic and buoyancy-ratio parameters,
but reduces with all other parameters. The thermophoresis and Brownian motion parameters increase the solid
volume profile away from the wall and have an opposite effect near the wall.
• The increasing values of radiation parameter increase the nanofluid velocity and temperature profiles and decrease
the solid volume fraction profile.Please cite this article in press as: B. Ganga, et al. Hydromagnetic flow and radiative heat transfer of nanofluid past a vertical
plate, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtusci.2015.12.005
• The values of reduced Nusselt number and Sherwood number increase with Prandtl number and Lewis number and
decrease with buoyancy-ratio parameter and magnetic parameter.
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 The thermal radiation parameter shows an interesting result on reduced Nusselt number and the local Sherwood
number. The increasing values of radiation parameter lead to decrease the reduced Nusselt number and increase the
values of Sherwood number.
 The present study finds the applications in cooling problems in the industry, to control the boundary layer separations
and to reduce the drag etc.
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